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* ABSTRACT )ﬂ
. v - .

In gome correlltionll otudlno it 13 not rca.onzblc to assume
‘ ’

that bivardatc observution- are uncorrelated. An fxtnple would be

.

a configural analysis 1n which two individuale nrc‘co%;eljted

3
»

: . = ; . <3 .o
across several varisbles (e.g. Q-technique). Tha present’ study

”»

vas a Honte'Cario lnveotisuticn of the roSuot&ion of tcchniqucl

used in judging the magnitude of a sanple correlation coefficieut

when observations are correla;ed. Eumirical diutributionn of r.

t, and Pisher's t Qerc generated. Pattcrnn of co;reluéton vere foun4
which casused error rates to be as high as .26 thh the noninnl alpha
uné .05.. A technﬁque for controlling ‘error ratca 1o certain: ¢1tuationu

5

is uuggeated.
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’ Intreductian
. . ‘ ','
¢« In order to'use the. d{stribution of the sample correlation *

coefficient, v, in teeting its etetiaticel ign‘ficance. one of the -

kl
I . >

necessary eeeunptione ie that the biverinte obeervetions be inde~-

pendent. Situationt eriee in uhich this aeeunption may fot be

. werranted. In texonomic problen.. a Q—currelation is one index

-

- uhich can be used to judge profile elmilarity. Rere people rather

K than vnrieblea are correlated, end the biveriete observetions ueed ‘-

.

¢ in the celculation of r are not, 19 general, independent since ezch
pereon ‘has a scote in{eech.biverinte observation. ° Another exnnple
arises "in corteleting the observations of two judgea who hnve reted
the same persca or group on a number of dimensions. An 1nveetigator

© o ettenpting to judge’the magnitude. of & correlation coefiicieﬁt in
- \ ’

. such eituatlone night be unwilling to refer r to- Pi-her s distributiona

for they are based on a different model.

- -

_Purpose T v

Consider the.n x 2 data matrix Zi ] in which the rows are

, s .
indexed by 1=1,..., n, and the columns are subscripted by j=1,2. " If

. . the rcws are randomly.drawn. observation vectord from a bivariate

1

normal’ distribution, then the distribution of the sample product
mSment correlation coefficiedt between the columns of Y.'rlz. 18'
known'. Fisher'(1914)obteined the dietributions for both the ¢ 12 =0

. and plzfo cases, Morrison (1962) end MacGregor (1962) studied the

(:\.f
distribution of %19 when the tows of ! are uct,inerendeqt. Both

» ’ 4 B - . .
authors made restrictive assumptions about the pattern of correlation
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. -coefficiente among obeer#ntioua. or values of pij 1.3.. The .

r (lﬂd 2) to obtein enpiricel dietributione of r,

* drawn observerigf;:ectors. the inveatigatog,kncwn that Egr )-0.

N .

¢ » . M

LN

' ubjettive of the preeent study was twofold: 1) to- eonetruc* BN

co-puter progren uhich could generate eanple vnluee of r beeed

WA

on obeervatione fron populetions in which the pOpulation correletion Q-'-

etructure deecribing anx 2 pntrix Y could bé opecified‘by the ueer,

¢
. o of the techniques used to judge the nngnitude of r12 could be observed. '

Since the number of peranetere which muet be epecified 1h this type |

'of inbeetigation ie large (4n the n=10 cese, for exemple. 190 para- -

tera must be specified), Honte Carlo methods and }imiteg computing

time prohibit the complete specification of a femily of dietributions.

.

The purpole. therefore. wis to’ determinenif errer rates could be ]‘

affected by dependencics enongfthq;dntn end_to inveptigate variables

wkich night relnte to any exiating lack of robusdtnes#. . A
»\ [ rd - .
”

80 that the robuetneen .

. For convenience. thie investigation im discussed using terminol~

L

I

ogy aooocinted with hypothesis teetiﬁf. such eas a#fevel und-errbr‘rate._

Howe r, there is 8 direct epplicetion of the fihdingc to arees in’

/

:which hypotheeis teeting in the ueual eenee ie not of interest. For ..

s
exenple. in otudies where Q—correlationc are haeed on two rnndomly

o

therefore. he i t interested in teeting.ﬂo.plz-o. He etill. .

howgver. may be iﬂterelteﬂ 1in determining hov extréeme an obteined
correlntion is in the sampling diotributibn of r12 '

ot
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: progrn providee diatributions of’ ru, Student B t. and Fieher s g,

L

) ;ol
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S L LR
.. : ) Methods - ' ) ’
A |
'l'he preaent Monte Carlo invuqigetion used & l'o\;sttan prbk{:ah/
* . The ".‘ - '

vritten for the Univeteity of Hinnesote'e cnc 6600. _ R
o ° ;

co-put‘es the firdt four menta. givu plota. eod tallies .the extr '._

'velues of each dietributiot:. Re.trictions in the preeent progren o

-
are n<20 hnd s given population correlation netrix'«huat be poei:lb"

definite. . . ~_ o - o

The. progren user initi;lizee the valuéa of tbe 2n x 2n metrix

Re[p 19,1 j.]. the unde:lying apopuletion correlation matrix for the
‘elemeut‘e of Y. . 'l'he nxn submtricu of R 511 and R,,, specify .
the .populeti:m Forteletioxfs f-o'r--the elements within the; fir;t .and.
second’ oolul'nns of Y "reepec:ively-.' - B9 .an'(l 9-.21' of:ecify the

populetion valuel for;reletionehipe between elenen*o in the two. . .

8. ‘l’he program simuletea) the situation in which n—(dimeheionel '
[

e
vectors from a multivariate nom} population are selected and then

»

[ Cortelated. * - . ) .

! - ‘-
7 This inveatigation builds on 8 result obtained by Morrison (1962),
. ’ LI} .
which using the present notation can be written as

. P11,127P11,1v2 .

1/2 .
(- P41,100) P40, 1\2”

¥

In this exprqsrgm. 012 is a non—centrelity ’parameter for Fisher's

Jistribution of ru. i#i , and p“ 1§rveluee in the tquetion are
In other words. the disttibutﬂon

-

constants as 1 or 1' .vary ftom 1 ta n.

.
- - .

o™~
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of rlb based.on correlated observations is knoun 1f the off-diagonal-

.

_elenente_of‘gli, 522,.end,§12 are equzl to constants (poeeibly the same

~

constant) and ﬁhe diagonal terms of R12 equal a consgant.
- . - \ -

In some peychélogicel applications ‘the assdﬁption of, constant

correlation required in Morrison's equation would be overly restrictive.

. s . [
Therefore, the strategy was to vary the off-diagonals in the submatrices

‘of R and to observe the effect on error ratés.

Dats ahd Prbgrem Verification *

A -
-

The computer program uses a random number geperatbr to credte .
. [ . . M g . -

2n-dimensional vectors of independent standard normal deviates. The

elements in these vectors are then randomly permute¢ to insure
- ‘-" . . -
adequate coverage of 2n-dimensional space. Each.vector is transformed

by‘h triangular factorization of the matrix R to obtain a vector

§~N(2,§)_(Seheuer & Stoller, 1962) and then pertitioned into two

n-dimenﬁional vectors, {.e. the two columns of Y.
~ \

A . .
For all of the distributions of rIz generated: -a) R was initialized

by epecifying the values of Rll' R22’ (see for example Table 5)‘

definite matrix. : . B .

b) 011 12 =0yy for all i. and c) n-lo. A separate initial zing program

.

, Was written whicb_accepts epecifications_f&r initializing R and then,

Af necess;ry. employe an {terative nuqerica} ﬁrocedure vhich reduces

the level or-dispersion of the %orrelations to obtain a positive -
. ‘ -
The program was teated-u.tng n=10 zgd generating‘correl&tiqne

|

which produced known dietributione of r In the most stringent

12°
test. R was inftialized ao that Horrison s equation [1] would provide
< . *
the exact non-centrality parameter, 912. {(i.e. R _11. 522 R12 ccnforned
. . . - [ e .

.
.
LIS
i

[ . . : * " . - -
‘e



. in R

to Morrison’s requirements,and thd §1str1buigon of f12 was- known).
.The values of R wvere 011 12-.513. p11 ,.2 .227, p11 g 1-p12.1.29:28?t
1#4', ‘and the don—ceﬂtrality perameter. 912, wee 4. Using Soper,
fYoung, Cave, Lee. end Pearson's (1916) teblee with non-centrality

%
parameter 912- .4 and n=10, the theoretical monents of the dimtribution
_of T,, vere: corpered to the obtained enpir(cel moients (see Table 1)
' . . .
. Reeulte SR
o e

The study was divided into tuo gegﬂinte. ih the firet segment

(Caee ', R 1 R,y end R12 R,y™0 =0, and’ in the eecong\(Caee I ), R11 Ry
‘and R, "R, fg. Each experiment reported .wvas based on 10, 000 realiza—
. . - S ~ /s
tions of Tiae ¢ . : - o ' .
. -
Cage I '_ ,_.\" X . ,

-

Since Hbrrison 8 results ehowed that the dietrfbutione of'r12
remained unchanged for th, caee eeeuning conetent off-diagonal eléments.
Ri1 and R22 end R12 21
whether or not heterdgeneity in the off—diagonel elements in Rll and

0. the first questlon 1nvestigated vas .

Ra2 could cause the actual alpha level to be eubetantielly different

ftom the nominal value, The correlationa;preeented in Table 2 were

uged in both 511 and 322

this ﬁhestioh. Table 3 presents empirical and theoretical moments

in a Monte Caric run designed to answer

and gives the empirical elpha level obtained when the‘criticel‘value/

j

was t 0572 with eight degrees of freedom. It is aoparent from the/
' moments thdt while the distribution based‘on’correigted observa- |

ticne remains cehterefl at zero and unskewed, ‘it is more Variable
- . .

-

g the obtained a to be more thah twice as large '

{
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:
S . . ’l'he heterogenefty of the correlations in 'rable 2 appreaches p

o naximum given the conatraint n@tioned in thc dpta éectipn abqaes

z

‘(
'

. ’ S Rll -,22' ‘'were ‘hand set wiv)h highly het) régeneous value;‘ and iterated

e by the initializing progrm until. the ppsitive-definiteness ct’iterio
’ /. e
'3 - e

4.' wvag met. Because it vas believed that these extremely vari‘ggt e

(TN

it Faa decided—to investigate matrices with less variance anong
. - L )
" the pi 1 1 j"' Two levela of variance we;g shqsen. o - Q04 andf

K '_ correlations were nnrealistic }or Mny ty?es of psychologicai, dat’e. ,

l

n__

: \ - oz-.016. vhere 02 is based ‘on the off-diagonals of Rll Rzz Hean e

E f

. * l

. \ to determine if given a particular level ‘of heterogeneity an\ongj' “

- tbe cox\:rzlations, the qverage level of correlation would Jhave sn

effect, (u =,285 and W= ,569). Ta')hle 4 prese'nts the obtained mfment,
VAR -
for ‘these four runs.and’ the’ actual a leVpls obtained when a critical

-’ 'y

\
value of t 05/2 with eight’ degrebs of freedom was used. L.

Y

-

Y

o« - _ <t is c\lear from these results that varisnce plays the pre-
CT | dominant role ln. uffecting the error rates and that once a degree

» P H s

/of beterogeneity is- established. the mean level of correlation also

- o : has sotn% effect. Table 5 contains the correlat'ions used to inItielize

-

4

. le»els of correlation were studied within each level of variance '\ o

ﬂ

s

.

Rll-RZZ for low ‘mean and low variance so that the reader might contras(

.' St the co;relation matrices used for ‘the higheét\ and the lowest obtaiaed

. * ANz
. error ratés in Case I. 5 T , o
’ 1 ¢ | \__

‘ : « |
4 - . " .

.ct' Case EI - — .
. ) . ~ . A4
As with Case I, "the computer runs in Case II vere designed to’
., P i
~ ~deviate from Morrison 8 findings in that the correlation- coefficients

t

o~ in Rll-RZZ cnd the off-'diagonals of R12 Ry, were no}\equabto ‘

) ) " ) x.-'. ‘_ '.s . \“'
v . . C’ L ' * -

5

LN

\

-~
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. C&o‘tnnti.. ' Gi..\;er; v;rtuén"i findings dnd the reiuitc from C:au I,
two hypotbuel were: cnployed in duigning conputer runs for Case II:
. . | 1) 1f nn aulog to uorr}lon s non-centulity parmter. n; 912;.’ ' ' N
. | - 1s sonputed by rep ((fing the conotnnu vhich he upecifiu vith the
Melp&nu in "11"‘22 and 'Ru-lln. then . ."/ g '
the discrepancy betveen 912 nnd the dugonll of Ru 21. uy

ot 'avcragu of tbo

5 Iou—ou 12] !912 °12l' sbould relate. to vnriabiﬂty mng "the : -

. error rates -(This hypothuil vas motivated by incpection of . ‘_, . . .

. o

. ' Hiot‘,i-on s oquation which shows ulu% vhen nuio the actual 1ocation )

.of the distribution is changed when dependencieo uc,xou bi,varhte‘ | ’ ; ._;.

‘ . -, .’.

oboew.tions exist ); and 2) gi.vpn a value' 6. varx.qrility of the

' . correhtzén- around the uveuge Valuel substituted into Horrioon - . - E
I 4 . LA . ..f M

‘ ) -( - 4 .

equation chould aloo explnin vdriability mong the error utu. . _ e

-.035. 3

9 -.158and .. | .

l‘the conditionu atudied were § -.006. $ 3™

64"+ 262. Nested within each le\\r\el of 6 were two levels of variancc. )
. : ) .
2 2 2 e
oHJnd oLL Ma:"rices for the 9

, 'mn'ievelo-of the off iagonals of and .constant, ° ‘
A f" B11™R2 B istant, © i

case vere created by holdin& tﬁe

L4

80 tlu: ou would be ffected, and then halving the standard I

.

Ce devhtion of these off-diagonals (see Table 6). S ' ) ‘

Thé error utu ob:uned fiom these cight runs varied frou - T e
- f . . ; . .

e B LOoON7 to! .2011. They were \obtnincd by conputing the propoxtion o

corrch ons vhich expeeded a crttical value, b.ud on Fi.ﬁct s <.

L4 -

. [ "} .
c - z-tunnfomtion. nnd therefore oimhte the situation in vhich | <

- »

) L tuurchct teste the s /jgnificancc of an obuined ¢/:orus.abdon at ) .

.

. 8 no-iul c-.DS ud.ng Fisher's mdel (4.e. vhere Ruvllzz-l and .
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" .~values for the ‘r\—etetistic vere based. on moments given by Kendall -~ 'S

and Stuart (1963) rethe'r than the approximtioﬁe typieally found
fn’ epplieﬂ statistics texts. The reoulte 1n 'rgbie 7 cleerly show
that a &buicher may be working at an a level nueh bigher thaa

the aauounced value. Thq‘ d&:repaacy, Gﬂlplz-p 2|, accouats for

.
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\
1;3 most of the diabrepaacy among the e\rror rates. Variaace_har‘ lictle

" \effect relative to this discrepaucy. Ia fact, if "]'.2 had been_

uaed in obtaiaiug cutoff points gather thaa 912' the rejeet:lpn . L
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rates for'the four. Caoe 'II mtrices producing the highest erqor .
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rates, .201. :198,".084,.’and .083, would have been .057, 053, .05, . \
~

and .052 respectively. T \)/ e ¢ : 2 ..
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en a researcher haa correlntion eoe.ffieieato 5beked on d‘tn : ,

7" )
;tﬁ whieh a degree of corrg).ation exists not only betweea the columns
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of the data matrix but also among thi’ rws and he wishes to judge

t [N hd _ ‘ .
the magnitude’ of such correlations, he should not assgume thet
b -~ 7
va{ues based on the t-dietributioa (1f the hypothesia 15-912 0) .o -

~
. or on l-‘isher 8 z-transformtioa (15 the hypothesis is plz-some,,

constant) will give hid a test of size a: There are ,aituations

in which'the error rate can be four times that of the npminal a : ~
aad of gourse, there may be aituations other than those investigated
{ . /
- in whieh' the situation is acamlly woree. . R .
wh{t has been learned ,1. that 'varhbility among the corre- -
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CASE 2.. ERROR RATES AKD MOMENTE FOR THE EMPIRICAL
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level of cortehtion also playa a n&i role.™ In thé,non-null case,

J

lu-lni‘o. 1t vas found that hetmzmciuc cortclationo in the off-
l
dhgmh of Ru R,, and R affect error, rntu.. However, , -

12 =221
there 1s’ utd.lity 'ln uoing cutoff poinu bued on. 912 rather. tiun ‘

) Qn.\s‘nuu cutoff pdtntc resulted in crtor rates’ close to a.

Of course, the relulﬁl of thu study chould only be applied to
-

ututionc in which reJurchenp have' correlations similar to thou *

h;vutigated here.\It is therefore raconlnded that ruurcherl
LS

) uoé tbo Honte Carﬂi method to atedy thergffect of the corrcht:l.on

. . .

¢ patterns which underlie the daty they tend to mveotigate. A copy

LY I' b ]

of the prog’nm used 1%: the present 1pvestigation RS be obtained
£ the, authors. ' ( v ' .
. o
LQ 1. . * ) ) PR
I P -
1 ' . hatt /
\. ! ) ’ .
7" ‘ . . 4
ST N
) , } - 7 U
’ . ) ‘
.S
' . .
. ] ) 2 4
\ S L
’ , . o
¢
) . Ry
\ \
\ Vo v b <
| \ » ' TN coe ‘
ot .\\ ¢ L S 4
\‘ ‘. v % .
. ! P v - €
! . . 2 L 4 d -
& .
(Y Q . - 4 R
' VA ) ), (\ ‘ ¥
R’ . . .«

X

Y]




‘;.t . : - . 4 . : i L4 - 7
¢ O . . . A b \ ’ \ i ’ . ” '.
B L \
" . j.'.. . \ .. ,. LI - ) . . .. \ .: . } ) . 17
' 1] .d. : . *'. : . Py . .
.« . . . ~ . . Q . . . . .
- v Y References , . : ,
0 ‘ '
) ' R . ° .
thher, R.54A. !‘rcquunc dutubu'tion,'of the values of the . . ‘e
‘ . cotrelstion coefficiint in.samples from sp) indefinitely - st
. e ht;o poyuht:.on Bi.outrika, 1916, '(10, 07-521. =~ - . ° : :
) " Reodall, M. G. § Stuart, A. Thc advan ‘of ‘statistics, - /.
! ¢ ’ v . 3

Vol. 1, gmm , London: Chatles, .
g Gtiffin & co.’ 1’63. ._ “ . / L . Sl .

<g&:cugorl J: R.' The spproxfmate distribution of the coruhtiou |
botwenn‘tvo :uuou:y ,linut Markov otiu., .MDMM,
1962,749, 379-388'. t . t .
l!ortuon, Donald F, . On the dutsribution of the sums of nqutn.
-and crose products of normal viriates in the presence ‘of '
. intraclass correlation. Annsls of lhthunqccl su:u:;c-.
. 1962, -33. 1461-1463. : .

* s 7, 0' . e - .

.

EX Y

vt Scheuer, E. H,.& Stoutr, D. Sos On the. generation of noml.
L ' randon mtou. ‘uchnoucttcn, ,19QZ, &,, 278-281. S

.'.6-
Sopct, H. S., Young, A. W., Cave, B. M., Lu, A., & Tearson’ K.

\ -On the distributior of the cortelation cocffi!cunt in- mli
‘samples. Appendix II.to the papers of "Student™ aad R. A. '
Fisher. A cooperativé study. Bwutt:ﬂu 1916,- 11, 328-4'13

-8 (

:. . -*.v;r'.




